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Abstract
MV2Ga4 (M = Sc, Zr, Hf) compounds belong to an emerging class of materials showing a unique combination of unusual
superconducting behavior with extended linear chains in the crystal structure. In order to gain insights into its mechanical and
thermal properties, we have performed first-principles electronic-structure calculations in the framework of the Density Functional
Theory (DFT). From the calculated second-order elastic constants, we have systematically shown that the extended linear vanadium
chain substructures indeed give rise to an anisotropic regime in the elastic and mechanical moduli. The high density of valence and
conduction electrons along the linear vanadium chains leads to a directional dependence of the reciprocal linear compressibility,
Young’s modulus and shear modulus. Poisson’s ratio for several elongation directions is also drastically affected by the presence of
extended V chains. If the elongation is along the V chains, all compounds exhibit practically the same Poisson ratio in directions
perpendicular to it, further highlighting the importance of the V chains to the mechanical properties. Moreover, based on our
results, we have discussed the possible consequences of the elastic anisotropy on the superconducting properties of the compounds.
Finally, using the Debye-Grüneisen approximation, our calculations of thermal properties show a good agreement with the available
experimental low temperature heat capacity data above the superconducting critical temperature.
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1. Introduction
The discovery of new materials drives the technology to
an entirely new plethora of applications and possibilities. To
harness their potential, it is essential to develop a fundamen-
tal understanding of the basic physics that governs their behav-
ior. One of the most interesting class of materials, with cru-
cial applicabilities, are the superconductors. Since their dis-
covery in 1911 by Kamerlingh Onnes, and the first succesful
microscopic theory proposed in the seminal work by Bardeen,
Cooper and Schrifer (BCS) in 1957 [1], superconducting mate-
rials have been used in medical, energy and transport applica-
tions, electronic devices, quantum interference sensors, and as
high-field electromagnets [2–8]. For a long time, novel types of
superconducting materials have been found in contrast to what
became known as conventional superconductors, which can be
explained by BCS-type signatures. In particular, a new type-II
electron-phonon superconductor at 4.1 K was recently discov-
ered with composition HfV2Ga4 [9]. This compound is inter-
esting and atypical since it exhibits a possible multiband super-
conducting effect, which fundamentally consists of the opening
of two or more superconducting gaps at the Fermi surface be-
low the critical superconducting temperature (Tc) [10]. In fact,
HfV2Ga4 is one of the first examples of a non-heavy fermion
material with double-jumps in the specific heat, and the two-gap
superconductivity is supported by first-principle calculations,
that show electrons arising from distinct bands in disconnected
sheets of the Fermi surface with very different electronic char-
acters [9, 11]. In addition, it was theoretically predicted that the
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ScV2Ga4 compound is presumably another example of a two-
band electron-phonon superconductor with an even higher Tc
than HfV2Ga4 [11].
Attached to the unusual superconducting behavior that de-
viates from the more conventional BCS-theory signatures, the
arrangement of atoms in the HfV2Ga4 compound is such that V
atoms form directional bonds with one another so that the struc-
ture, as a whole, achieves extended linear 1D highly-populated
(by electrons) V-d chains that command the density of states
at the Fermi level (EF ). Extended (or “infinite”, as some au-
thors prefer) linear chain compounds, despite known for quite
some time, are a relatively recent topic of interest, having been
systematically investigated only in the last few years in the lit-
erature [12]. Those compounds generally exhibit useful electri-
cal, magnetic, superconducting, thermal and optical anisotropic
properties, as seen, for instance, in Hg3−δAsF6 and Hg3−δSbF6
compounds [13–16]. Their anisotropy occurs due to the high
density of conduction electrons on the Hg chains, which act
as one-dimensional metals [17]. Transition metal chain sub-
structures were also reported in several compounds within the
YbMo2Al4-prototype (the same prototype of MV2Ga4 materi-
als, with M = Sc, Zr, Hf), but most efforts were focused on
chemical bonding and electronic properties [18–21]. There is,
therefore, a lack of information on the effect of the extended
linear chains on the mechanical properties of such compounds.
Moreover, ab-initio calculations of mechanical properties are
a challenging but promissing simulation technique that can be
used with advantage to probe the potencial of new materials
[22].
In this work we have shown, using Density Functional The-
ory (DFT)-based methods, that the extended linear vanadium
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chains in the MV2Ga4 (M = Sc, Zr, Hf) compounds indeed
give rise to an anisotropic regime in the elastic and mechani-
cal moduli. From the calculated second-order elastic constants
and the Debye-Grüneisen quasi-harmonic approximation, we
have evaluated the mechanical and thermal properties, as well
as the directional dependence of linear compressibility, shear
and Young’s modulus, Poisson’s ratio, and sound velocities in
the crystal structure. Similar methodologies have been exten-
sively employed in the literature to obtain mechanical and ther-
mal properties for widely different classes of materials [23–29],
which point to the importance of the topic and its high potential
to promote and motivate future studies. On the same footing, it
is possible that other extended linear chain compounds present
similar elastic anisotropy trends as the compounds studied here,
pointing to a general behavior of this class of materials.
2. Computational Methods
Ab-initio calculations were performed using the Quantum
ESPRESSO computational package [30] within the framework
of Density Functional Theory (DFT) in the Kohn-Sham scheme
[31], employing scalar-relativistic optimized norm-conserving
Vanderbilt pseudopotentials [32]. The Exchange and Corre-
lation (XC) functional employed was the Generalized Gradi-
ent Approximation (GGA) [33] in the parametrization due to
Perdew-Burke-Ernzerhof (PBE) [34]. We have used a wave-
function energy cut-off of 220 Ry (1 Ry ≈ 13.6 eV), and four
times that value for the charge density energy cut-off. The
Monkhorst-Pack scheme [35] was used for a 1728 k-point sam-
pling in the first Brillouin zone. Self-consistent-field (SCF) cal-
culations were carried out using Marzari-Vanderbilt cold smear-
ing [36] of 0.002 Ry, and the damped quick-min Verlet ion dy-
namics algorithm was applied for structural relaxation [37]. All
latice parameters and internal degrees of freedom were relaxed
in order to guarantee a ground-state convergence of 10−5 Ry in
total energy and 0.5 mRy/a0 (a0 ≈ 0.529Å) for forces acting
on the nuclei. In a previous work [11] we used an all-electron
approach, instead of the pseudopotential methodology applied
here, in order to obtain the ground-state electronic properties for
the HfV2Ga4 and ScV2Ga4 compounds. We found no appre-
ciable differences either in the density of states or in the band
structure plots when we compared the two techniques, which
we take as an indication of the validity of the present method-
ology and of the choice of pseudopotentials.
The full second-order elastic stiffness tensor was obtained
using the ElaStic code [38]. In the energy approach, the elas-
tic constants result from a set of deformations imposed on the
reference ground-state structure, in the framework of the La-
grangian Theory of Elasticity [39]:
cαβ =
1
V0
∂ 2U
∂ηα∂ηβ
∣∣∣∣
η=0
, (1)
whereU is the total energy due to the deformation,V0 is the vol-
ume of the undeformed ground state structure and ηα , ηβ are
Lagrangian strains, expressed in Voigt notation. The MV2Ga4
compounds crystallize in a body-centered tetragonal structure,
having therefore six independent second-order elastic constants,
as shown below in matrix form:
C=

c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c66
 (2)
Therefore, in the ElaStic code we have used six different defor-
mation types for each ground-state compound, with a maximum
absolute intensity of ηmax = 0.05 for the Lagrangian strain, and
15 distorted structures with strain intensities between −ηmax
and +ηmax for each deformation type, a total of 90 deforma-
tions per compound.
3. Results and Discussion
3.1. Elastic stiffness and compliance tensors
MV2Ga4 (M = Sc, Zr, Hf) compounds crystallize in the
same body-centered tetragonal structure as the YbMo2Al4 pro-
totype (space group I4/mmm, #139, Pearson symbol tI14) [40].
The crystal structure is such that the M sites, at the 2a (0, 0, 0)
Wyckoff positions, are surrounded by V and Ga sites at 4d (0,
1/2, 1/4) and 8h (0.303, 0.303., 0), respectively, in a cage-like
structure, in such a way that the vanadium sites form extended
linear chains in the c-direction. A stacking of three unit cells
along the c axis is schematically ilustrated in Figure 1. In the
present work, the initial crystal structure was built based on ex-
perimental crystallographic data [9, 40], and then optimized as
described in Sec. 2. The calculated lattice parameters and the
8h degree of freedom (xGa) are shown in Table 1. The slight
dissimilarity of at most 1% in the optimized lattice parameters
and atomic positions in comparison with experimental data re-
inforce the validity of the computational methods employed.
The six calculated second-order elastic constants necessary
to specify the elastic stiffness tensor for a body-centered tetrag-
onal crystal are listed in Table 2. The related elastic compliance
constants sαβ are presented in Table 3, obtained by matrix in-
version of the stiffness tensor:
σα = cαβ εβ ⇔ εα = sαβσβ (3)
in which 1≤ α, β ≤ 6 and, as in the rest of the work, Einstein’s
tensorial implicit, equal indices sum notation was employed.
It is seen that the elastic constants in Table 2 do not obey the
Cauchy conditions c12 = c66 and c13 = c44, a indication that the
strenght does not come from central forces. This, naturally, is
a consequence of the symmetry of the structure, since, with the
Table 1: Calculated lattice parameters and optimized 8h (xGa) atomic
position for the MV2Ga4 (M = Sc, Zr, Hf) body-centered tetragonal
compounds, compared to experimental values [9, 40].
a (Å) c (Å) xGa
ScV2Ga4 calc. 6.421 5.155 0.3003
exp. 6.432 5.216 0.3030
ZrV2Ga4 calc. 6.379 5.140 0.3026
exp. 6.462 5.207 0.3030
HfV2Ga4 calc. 6.458 5.206 0.3030
exp. 6.432 5.190 0.3030
2
Figure 1: Three unit cells of the MV2Ga4 crystal structure stacked
along the c-direction, exemplified for M = Hf. The V atoms form
extendend linear chains in the crystal, oriented paralell to the c-axis.
exception of the the M sites (occupied by Sc, Zr or Hf), the
atomic positions are not centers of inversion [41].
For tetragonal crystals, the elastic stability can be verified
using the four necessary and sufficient conditions established
by Mouhat and Coudert [42]:
c11 > |c12| ,
2c213 < c33(c11+ c12) , (4)
c44 > 0 , c66 > 0 .
All of the conditions listed above are fulfilled by the elastic con-
stants in Table 2, a result that point to the mechanical stability
of the MV2Ga4 (M = Sc, Zr, Hf) compounds.
The elastic constants cαβ also provide straightforward in-
formation about the elastic response to different applied stress
conditions in single crystals. For instance, c11 and c33 represent
the resistance to unixial deformation along the [100] and [001]
directions, respectively, while c44 is related to the resistence to
a pure shear deformation on (hk0) planes. One can verify in
Table 2 that ScV2Ga4 and HfV2Ga4 are slightly more resistent
under uniaxial stress along the z direction than along the x or
y axis, while ZrV2Ga4 has practically the same resistance in
both these orientations. ZrV2Ga4 also has the largest c44 elastic
constant, which indicates an appreciable shear modulus in the
plane normal to the extended vanadium chains, as will be seen
in more detail in section 3.3.
3.2. Polycrystal mechanical properties
Once the set of independent elastic stiffness and compliance
constants for single crystals are known, we can calculate the
Table 2: Calculated second-order elastic stiffness constants (in GPa)
of the body-centered tetragonal MV2Ga4 (M = Sc, Zr, Hf) compounds.
c11 c12 c13 c33 c44 c66
ScV2Ga4 235.6 121.3 65.0 261.4 89.1 137.5
ZrV2Ga4 288.7 133.6 76.7 283.0 102.5 157.9
HfV2Ga4 236.9 120.7 64.9 242.2 80.2 131.6
Table 3: Elastic compliance constants (in TPa−1) of the MV2Ga4 (M
= Sc, Zr, Hf) compounds, calculated from the full second-order elastic
stiffness tensor.
s11 s12 s13 s33 s44 s66
ScV2Ga4 5.91 −2.83 −0.77 4.21 11.23 7.27
ZrV2Ga4 4.54 −1.91 −0.71 3.92 9.76 6.33
HfV2Ga4 5.85 −2.75 −0.83 4.57 12.47 7.60
mechanical properties of a polycristalline aggregate using the
Voigt-Reuss-Hill (VRH) approximation. In the Voigt approach
an uniform strain is assumed, while Reuss considers an uniform
applied stress. Hill [43] has shown that the measured moduli for
the agregate always lie in between the Voigt and Reuss proce-
dures, therefore proposing the bulk (B) and shear (G) moduli of
the polycrystalline material as the arithmetic average of Voigt
(upper) and Reuss (lower) bounds:
BH =
1
2
(BV +BR), (5)
GH =
1
2
(GV +GR). (6)
with BV , GV , BR, and GR, for body-centered tetragonal struc-
tures, given respectively by
BV =
2c11+ c33+2(c12+2c13)
9
(7)
GV =
2c11+ c33− (c12+2c13)+3(2c44+ c66)
15
(8)
B−1R = 2s11+ s22+2(s12+2s13) (9)
G−1R =
4(2s11+ s33)− (s12+2s13)+3(2s44+ s66)
15
(10)
Furthermore, Young’s modulus (E) and Poisson’s ratio (ν)
are obtained in terms of the bulk and shear modulus using the
isotropic theory of elasticity [44]:
E =
9BG
3B+G
, (11)
ν =
3B−2G
2(3B+G)
. (12)
Following the VRH approximation, the mechanical proper-
ties according to Voigt, Reuss and Hill approaches were cal-
culated and are listed in Table 4. We verify that all MV2Ga4
compounds have the same order of magnitude regarding me-
chanical moduli, indicating that the element on the 2a site in the
structure has only a weak influence on the mechanical proper-
ties when we take the overall scenario into account. The larger
3
Table 4: Calculated Bulk modulus (B), shear modulus (G), Young’s modulus (E) and Poisson’s ratio (ν) for the MV2Ga4 (M = Sc, Zr, Hf) compounds
according to the Voigt-Reuss-Hill approximation. All values are in GPa (except the adimentional quantities).
BV BR BH GV GR GH B/G EV ER EH νV νR νH
ScV2Ga4 137.24 136.91 137.08 95.21 87.83 91.52 1.498 231.99 217.07 224.58 0.22 0.24 0.23
ZrV2Ga4 159.37 158.08 158.73 110.80 105.01 107.91 1.471 269.87 257.93 263.92 0.22 0.23 0.22
HfV2Ga4 135.23 134.26 134.75 89.43 83.15 86.29 1.562 219.83 206.77 213.33 0.23 0.24 0.24
difference between them is observed in ZrV2Ga4, which has the
largest values for bulk, shear and Young’s moduli. The obtained
bulk modulus, which indicates the resistence of a solid to a hy-
drostatic external pressure, reveals that ZrV2Ga4 has the most
significant resistence to volume change under pressure.
The B/G ratio can be used to predict the ductility of a ma-
terial [45], and has been extensivily used for this purpose in the
recent literature [26, 28, 46, 47]. A B/G ratio higher than the
critical value 1.75 indicates a significant ductile material, while
B/G< 1.75 usually means that the material is brittle. As shown
in Table 4, all the compounds are essentially brittle, consistent
with Poisson’s ratio values smaller than 0.26. It is known that
the Poisson’s ratio is a good indicative of the degree of covalent
bonds, telling also in advance about the ductility and brittleness
of a polycrystalline material [48].
3.3. Anisotropy of elastic properties
In several materials, the degree of anisotropy in the single
crystal elastic properties is essential to unravel the macroscopic
behavior of a solid, even in the polycristalline state [49]. As
previously discussed, extended linear chain compounds usually
present strong anisotropy. Therefore, it is reasonable that me-
chanical moduli also comes up with an outward directional de-
pendence directly related to the elements of the stiffness tensor.
Given its importance to applications, considerable efforts have
been made to develop parameters able to quantify the extent of
anisotropy in elasticity [50–52]. Most recently, Ranganathan
et. al [53] proposed a new universal index to quantify a single
crystal elastic anisotropy:
AU = 5
GV
GR
+
BV
BR
−6. (13)
AU is identically zero for locally isotropic single crystals, and
deviations from zero point out the degree of elastic anisotropy
of the material. Using the values in Table 4 we see that ZrV2Ga4,
despite possessing the highest mechanical moduli values, has
the smallest universal anisotropy index, around 0.28. HfV2Ga4
presents an index equal to 0.38, revealing a considerable direc-
tional dependence. The strongest elastic anisotropy, thought, is
reached by ScV2Ga4, which has a value of 0.42 for AU . The
main contribution for AU in the MV2Ga4 compounds comes
from the shear moduli, taking into account the large difference
between the GV and GR values according to Voigt and Reuss
approximations, as seen in Table 4.
At the same time, the directional dependence of the recipro-
cal linear compressibility (Bc) and Young’s modulus (E) can be
most easily visualized in the form of 3D spherical plots. In the
full fourth-rank tensorial notation, these are given, respectively,
by [54, 55]
B−1c (~l) = si jkklil j (14)
E−1(~l) = si jkmlil jlklm (15)
x
y
z
~l
ϕ
θ
−~θ
~ϕ
~n
ψ
Figure 2: Definition of angles and directions used in the present work.
The angles ϕ and θ are, respectively, the azimuthal and polar angles in
spherical coordinates that define the tension (or elongation) direction
~l. Direction~n, normal to~l, forms an angle ψ with the unit vector ~ϕ .
in which 1 ≤ i, j, k, m ≤ 3 and ~l = (l1, l2, l3) is a unit vector
defining the tension direction. For instance, we can adopt
~l =
l1l2
l3
=
cosϕ sinθsinϕ sinθ
cosθ
 (16)
using the usual azimuthal (ϕ) and polar (θ ) angles in spherical
coordinates shown schematically in Figure 2.
We take the opportunity to make a remark about the recip-
rocal linear compressibility coefficient Bc, since there seems to
be a certain degree of confusion in the literature regarding this
material property. Some authors equate it to the bulk modulus
of the single crystal along a given direction. This interpretation
lacks physical meaning, since the bulk modulus is essentially
a non-directional quantity, different from the linear compress-
ibility (B−1c ), which is indeed a directional property that tells
the linear contraction along a given direction resulting from a
hydrostatic external pressure [55]. That explains the fact that
the “bulk modulus” spherical plots of some authors show val-
ues around three times higher than tabulated values found in the
same reference (see refs. 25, 27, 28, for instance).
Returning to Eqs. (14) and (15) applied to a body-centered
tetragonal system and reverting to Voigt’s notation [55], we can
rewrite Bc(~l) and E(~l) along a given direction~l as
B−1c (~l) = (s11+ s12+ s13)
(
l21 + l
2
2
)
+(2s13+ s33)l23 , (17)
E−1(~l) = s11
(
l41 + l
4
2
)
+ s33l43+
+(2s13+ s44)
(
l21 + l
2
2
)
l23 +(2s12+ s66)l
2
1 l
2
2 . (18)
The resulting spherical plots for the reciprocal linear com-
pressibility and Young’s modulus as a function of the crystal-
lographic orientation are shown in Figure 3(a-f). In the plots,
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(a) ScV2Ga4 (b) ZrV2Ga4 (c) HfV2Ga4
340 360 380 400 420 440 460 480 500 520
Bc (GPa)
(d) ScV2Ga4 (e) ZrV2Ga4 (f) HfV2Ga4
180 200 220 240 260 280 300 320 340
E (GPa)
Figure 3: Surface spherical plots showing the directional depence of the reciprocal linear compressibility Bc (a-c) and Young’s modulus E (d-f) for the
MV2Ga4 (M = Sc, Zr, Hf). Values in GPa.
colours indicate the magnitude of the moduli, going in ascend-
ing scale from blue to red. The reciprocal linear compressibility
plots show only a weak anisotropy, presenting a quasi-spherical
profile. As with any chain, the extended linear V chains are
weaker against compression and, therefore, the Bc plots are
slighty flattened in the [001] direction, as seen in Figures 3(a-c).
A strong elastic anisotropy, on the other hand, is observed
from the Young’s modulus plots. The degree of deviation from
the isotropic spherical shape points to the directionality of the
material properties. A large resistence to elastic deformation
is observed in the [110] direction, consistent with the fact that
the (001) plane in the MV2Ga4 compounds has the higher pla-
nar density in the crystal, mainly due to the Hf–Ga bonds along
[110]. In addition, as demonstrated by Rovati and Cazzani [49],
the elastic response of tetragonal solids is intrinsicaly restricted
by symmetry considerations and can be classified in 12 differ-
ent and well-defined classes. As a consequence, it seems to be a
fairly common feature in a great number of real single crystals
with tetragonal symmetry that the Young’s modulus in direc-
tions within the (110) plane assumes higher values [49]. How-
ever, the Young’s modulus is also high along the [001] direction
for the MV2Ga4 compounds, despite having a lower planar den-
sity at the (hk0) planes. The reason for this is directly linked to
the presence of extended linear vanadium chains along the c-
direction. For instance, it is easy to realise from the spherical
plots that the anisotropy of Young’s modulus along the [001] di-
rection in ZrV2Ga4 is less prominent than that of HfV2Ga4 and
ScV2Ga4. This is in agreement with our previous analysis of
the universal elastic anisotropy index, higher for ScV2Ga4 and
HfV2Ga4 and lower for ZrV2Ga4. Therefore, we can conclude
that the extended linear chains indeed play a fundamental role
in the mechanical properties and anisotropy indices.
To provide an even more straightforward picture about the
directional dependence of Young’s modulus, a few planar pro-
jections are illustrated in Figures 4(a-c) for directions in the
(100), (001) and (110) crystallographic planes. The anisotropy
coming from the extended linear vanadium chains is well visu-
alized in the (100) plane, showing a larger resistence to unixial
stress along the [001] direction than the [010] direction. It’s
also clear that ZrV2Ga4 presents the largest values for Young’s
modulus, independent of the crystallographic orientation, and
also the smallest anisotropy regime among all considered struc-
tures. The directional dependence for ScV2Ga4 and HfV2Ga4
is quite similar in the (001) plane, but the effect of the extended
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Figure 4: (a-c) Young’s modulus E (in GPa) for directions (a) [0kl] in the (100) plane, (b) [hk0] in the (001) plane, and (c) [hh¯l] in the (110) plane for
MV2Ga4 compounds (M = Hf, Sc, Zr).
linear chains is felt in the (100) and (110) planes. As observed
in a previous work [11], the valence and conduction electronic
density along the vanadium chains is larger for ScV2Ga4 than
HfV2Ga4 and, therefore, the V–V bonds are stronger in the for-
mer compound, explaining its higher Young’s modulus along
the [001] direction.
It is harder to analyze the anisotropy in Poisson’s ratio, since
it depends not only on the elongation direction, but also on
which normal direction one is interested in. Therefore, 3D plots
such as those shown in Figures 3(a-f) are not possible. On the
other hand, we can analyse the effect of longitudinal elongation
along a few selected directions in the form of polar plots. In
fourth-rank tensor notation, Poisson’s ratio is given by [54]
−ν(
~l,~n)
E(~l)
= si jkmnin jlklm (19)
where the normal direction ~n can be defined by the angle ψ in
a plane perpendicular to~l, as shown in Figure 2. Algebraically
we can write~n as
~n=
n1n2
n3
=
−cosϕ cosθ sinψ− sinϕ cosψ−sinϕ cosθ sinψ+ cosϕ cosψ
sinθ sinψ
 (20)
In Voigt’s notation for body-centered tetragonal structures, Pois-
son’s ratio for the normal direction~n, when the elongation hap-
pens along direction~l, can be written as [56]:
−ν(
~l,~n)
E(~l)
= s11(l21n
2
1+ l
2
2n
2
2)+ s12(l
2
1n
2
2+ l
2
2n
2
1)+
+s13(l23 +n
2
3−2l23n23)+ s33l23n23+
+s44(l1n1+ l2n2)l3n3+ s66l1l2n1n2 (21)
Using this strategy, Poisson’s ratios resulting from three dif-
ferent elongation directions are shown in Figure 5(a-c). In Fig-
ure 5(a), the elongation is along the [100] direction, and the
Poisson’s ratio is measured in the [0kl] family of directions per-
pendicular to it. It is readily seen that the Poisson’s ratio is quite
large (close to 0.5) in the [010] direction. It should be kept in
mind that, although the Poisson’s ratio is limited to the interval
−1≤ ν ≤ 0.5 for isotropic materials, there is no such restriction
when we consider deformation of single crystals [57]. Still, a
value close to 0.5 indicates that areas in (001) planes are only
weakly affected by elongation along the [100] direction. The
behavior is drastically different in the [001] crystallographic
orientation, where ν is quite small, around 0.15 for all com-
pounds. This indicates that the dimensions along the tetragonal
fourfold symmetry axes (i.e., the c-axis) are only slightly af-
fected by elongation in the [100] direction. We readily see the
effect of the extended linear chains as the explanation for this
characteristic, since a contraction in the c-direction would mean
a shortening of the directional V–V bonds, enormously affect-
ing the energy density of the deformed structure. It is important
to notice that this contraction in the c-direction, being the ef-
fect of an elongation along [100], happens without stress in the
contraction direction. This is different from the case shown in
Figures 3(a-c), that come from an applied isostatic pressure, in
which the [001] direction is the most affected. Moreover, we
see that ZrV2Ga4 has the lowest Poisson’s ratio in the [010]
direction, while ScV2Ga4 has the lowest value in the [001] di-
rection. Since, as we mentioned previously, ScV2Ga4 has the
highest electronic density along the extended linear V chains,
is expected that it will be the most resistent against V–V bond
length alterations.
Figure 5(b) shows Poisson’s ratio values when the elonga-
tion happens in the [110] direction, that is, in directions normal
to the highest Young’s modulus directions in the crystal. In this
case, all three componds behave in a similar manner, with low
Poisson’s ratio values, in the range 0.09–0.22. The values for
the [001] direction are similar to those in Figure 5(a), for the
reasons explained in the preceeding paragraph. In the [1¯10]
crystallographic orientation, the values are even smaller, a con-
sequence of the high resistence along this direction.
Finally, the Poisson’s ratio for elongation along the [001]
direction is shown in Figure 5(c). In this case, the tetragonal
symmetry imposes transverse isotropy in Poisson’s ratio for di-
rections in the (001) plane [58], in which case Eq. (21) reduces
to
ν [001][hk0] =− s13
s33
(22)
resulting in the circles shown in Figure 5(c). In the scale of the
figure, it is impossible to separate the curves for the three com-
pounds, but they are slightly different: 0.1812 for ScV2Ga4,
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Figure 5: Poisson ratio for MV2Ga4 compounds (M = Hf, Sc, Zr) measured in normal directions to the longitudinal extension along the (a) [100], (b) [110]
and (c) [001] directions.
0.1816 for ZrV2Ga4, and 0.1815 for HfV2Ga4. This apparent
coincidence is again explained by the presence of extended lin-
ear V chains: the V–V and V–Ga bonds are those responsible
for most of the contraction (or resistence against it) along di-
rections perpendicular to the c-axis, regardless of the atom oc-
cupying the M sites. It should be noticed that this equivalence
of Poisson’s ratio for elongation along the fourfold symmetry
axes is not found among other tetragonal systems [26], which,
one more time, points to the peculiarity of extended linear chain
compounds.
We can adopt a similar procedure to investigate the anisot-
ropy in the shear modulus, which, in fourth-rank tensorial no-
tation, is given by [54]
G−1(~l,~n) = 4si jkmlin jlknm (23)
For a tetragonal body-centered structure using Voigt’s matrix
notation, the last equation amounts to
G−1(~l,~n) = 4s11(l21n
2
1+ l
2
2n
2
2)+
+4s33l23n
2
3+8s12l1l2n1n2+
+8s13(l1n1+ l2n2)l3n3+ s66(l1n2+ l2n1)2+
+s44
[
(n21+n
2
2)l
2
3 +(l
2
1 + l
2
2)n
2
3+2(l1n1+ l2n2)l3n3
]
. (24)
Polar representations for selected stress states are shown
in Figures 6(a-c). Shear modulus in the (100) plane, i.e., for
~n= [0kl] and~l parallel to the x-axis, is shown in Figure 6(a). It
is seen that a larger shear modulus is found in the [010] direc-
tion, that is, for shear in the y-direction. All three compounds
exhibit a lower resistance against shear when~n= [001], a result
that comes from the fact that s66 < s44 for the three compounds.
With applied uniaxial stress in the [110] direction, as shown in
Figure 6(b), the situation is reversed: higher shear modules for
~n = [001] (which is the same as in Fig. 6a) than for a direc-
tion normal to it, [1¯10]. The lower shear modules in this case
can be accounted for by the higher atomic density in the (110)
planes, favouring slip. Finally, for~l = [001], that is, along the
fourfold symmetry axes, the transverse isotropy of tetragonal
lattices reduces Eq. (24) simply to
G[001][hk0] =
1
s44
= c44 (25)
resulting in the concentric circles shown in Figure 6(c). There-
fore, as mentioned at the end of Sec. 3.1, it is natural that
ZrV2Ga4, possessing the higher c44 value, is the compound
with the higher shear modulus on the (001) plane.
3.4. Sound velocity and Debye temperature
The anisotropy can also be evaluated by means of the sound
velocities in an elastic medium. The pure longitudinal and trans-
verse modes for elastic waves in single crystals are essentially
dictated by its symmetry [59]. For instance, a tetragonal sym-
metry implies that the principal directions along which elastic
waves can propagate in pure longitudinal and transverse modes
are [001], [100] and [110]. In all other crystallographic ori-
entations the propagating waves are either quasi-transverse or
quasi-longitudinal. In the propagating directions for a tetrago-
nal lattice the sound velocities can be written simply as:
• [100] direction:
υl =
√
c11/ρ; υt+ =
√
c44/ρ; υt− =
√
c66/ρ,
(26)
• [001] direction:
υl =
√
c33/ρ; υt+ =
√
c66/ρ; υt− =
√
c66/ρ,
(27)
• [110] direction:
υl =
√
(c11+ c12+2c66)/2ρ; υt+ =
√
c44/ρ;
υt− =
√
(c11− c12)/2ρ, (28)
where ρ is the mass density, υl is the longitudinal sound veloc-
ity, and υt+ and υt− are the first and second transverse acoustic
modes, respectively.
Considering the expressions above, it is easy to verify that
the sound velocities present similar elastic anisotropy as the
second-order elastic stiffness constants, and smaller densities
with higher elastic properties result in large propagating modes
inside the crystal. The complete set of longitudinal and trans-
verse acoustic modes along the principal axes was calculated
and listed in Table 5. The elastic sound waves travel faster
along the [110] longitudinal direction in ScV2Ga4, ZrV2Ga4
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Figure 6: Shear modulus (in GPa) for MV2Ga4 compounds (M = Hf, Sc, Zr) measured in normal directions to the longitudinal (a) [100], (b) [110] and (c)
[001] directions.
Table 5: Anisotropic sound velocities (in m/s) along the three principal axes of MV2Ga4 (M = Sc, Zr, Hf).
Direction [100] [001] [110]
υl υt+ υt− υl υt+ υt− υl υt+ υt−
ScV2Ga4 5951.38 3659.90 4546.54 6268.77 4546.54 4546.54 6891.90 3659.90 2931.15
ZrV2Ga4 6206.89 3698.39 4590.31 6145.31 4590.31 4590.31 7017.68 3698.39 3216.93
HfV2Ga4 5262.57 3061.98 3922.32 5321.11 3922.32 3922.32 6023.88 3061.98 2606.17
Table 6: Longitudinal (υl ),transverse (υt ), and mean (υm) sound ve-
locities (in m/s), and Debye temperature ΘD (in K) for the MV2Ga4
(M = Sc, Zr, Hf) compounds.
υl υt υm ΘD
ScV2Ga4 6221.15 3683.89 4080.42 490.21
ZrV2Ga4 6373.94 3818.91 4225.23 510.33
HfV2Ga4 5381.91 3147.86 3490.67 416.39
and HfV2Ga4 as an immediate consequence of the higher me-
chanical properties in that direction. In fact, ZrV2Ga4 is re-
sponsible for the strongest pure modes in all principal crys-
tallographic orientations, except along the extended vanadium
chains. Indeed, the large longitudinal sound velocity in [001]
happens for ScV2Ga4. This is an interesting find: since ScV2Ga4
has the largest elastic anisotropy as a result of high populated V-
chains along the c-direction, its atoms effectively interact with
each other and consequently vibrate at higher frequencies like
a tight rope, even ZrV2Ga4 presenting higher values for linear
compressibility and Young’s modulus along that orientation. In
a similar way, the transverse modes for the three compounds
are almost the same. Thus we can clearly observe the influence
of the extended linear chain substructures in single crystals re-
garding its mechanical response. Despite the fact that HfV2Ga4
shows a substantial elastic anisotropy as seen in the spherical
and polar plots, as well as in the AU universal index, its heavier
Hf atoms cause an appreciable impact on the compound density,
leading to lower longitudinal and transverse modes for elas-
tic waves. Therefore, the sound velocities obtained at different
crystallographic orientations provide valuable information that
tie together all conclusions we made about elastic anisotropy of
the MV2Ga4 compounds.
Sound velocities are essential to characterize the elastic and
thermal response of a given solid mostly because they are eas-
ily obtained by experiments. On the same footing, the Debye
temperature considers the highest normal mode of quantized vi-
bration in a crystal and can be easily accessed by means of the
average sound velocities, as expressed in the following equa-
tion: [44],
ΘD =
h¯
k
(
6pi2
Vat
) 1
3
υm, (29)
where h¯ = 1.054× 10−34 J s and k = 1.381× 10−23 J K−1 are
the reduced Planck constant (h/2pi) and Boltzmann constant,
respectively; Vat is the volume of the unit cell divided by the to-
tal number of atoms in the unit formula; and υm is the effective
average sound velocity in the material, given by
3
υ3m
=
1
υ3l
+
2
υ3t
. (30)
In the expression above, υl and υt are the longitudinal and
transverse propagating modes, in which
υl =
√
λ +2µ
ρ
(31)
and
υt =
√
µ
ρ
, (32)
with λ and µ being the Lamé parameters, determined from
Poisson’s ratio and bulk modulus:
λ =
3ν
1+ν
B (33)
µ =
3
2
1−2ν
1+ν
B. (34)
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Applying this procedure, we have calculated the effective longi-
tudinal, transverse and average sound velocities, as well as the
related Debye temperature for each structure, which are pre-
sented in Table 6. Consistently with our previously analysis,
ZrV2Ga4 assumes the highest modes, since its higher bulk mod-
ulus values lead to faster sound velocities. On the other hand,
the ScV2Ga4 compound also reveals substancially large elastic
wave velocities since, as discussed earlier, its high electronic
density confers very effective modes.
The calculated Debye temperatures also support our previ-
ous results, since this quantity reflects to a certain extent the
strength of the interatomic bonding. The calculated 416.39 K
value for the Debye temperature of HfV2Ga4 is in excellent
agreement with the 418.97 K value obtained in a recent exper-
imental investigation [9]. We can also point out that ZrV2Ga4
and ScV2Ga4 should have better heat transfer properties than
HfV2Ga4 since the thermal conductivity response is directly re-
lated to the average sound velocity [60].
At this point of the discussion, our attention is driven to the
possible consequences that the above results will have on the
superconducting properties. It is well-known that the critical
temperature in which a electron-phonon superconductor under-
goes a second-order phase transition from its normal state to
a superconducting state, as calculated using McMillan’s for-
mula, basically depends on the density of states at the Fermi
level N(EF), the strength of the the electron-phonon coupling
λ , the Debye temperature ΘD, and the electron-electron inter-
action constant (or Coulomb pseudopotential) µ∗ [11, 61]. The
higher the first three parameters, the higher the critical super-
conducting temperature will be, while increasing the last pa-
rameter increases the electron scattering and, therefore, tends to
reduce Tc. Thus, we argue that the ZrV2Ga4 compound, once
experimentally proved to be a supercondutor, could present a
Tc compatible with ScV2Ga4, or even higher, as a consequence
of the calculated value of 510.33 K for the Debye temperature
and the high elastic wave velocities, which will result in a more
effective electron-phonon interaction in the lattice. In the same
way, our evaluated sound velocity values reinforce the previous
theoretical prediction that ScV2Ga4 presumably consists of an
electron-phonon superconductor with a considerable higher Tc
than HfV2Ga4 [11].
3.5. Debye-Grüneisen approximation
In order to obtain a few thermal properties of the MV2Ga4
(M = Sc, Zr, Hf) compounds, we have applied the quasi-harm-
onic Debye-Grüneisen approximation [62–64], which provides
a strategy to calculate the temperature-dependent heat capacity,
and, ultimately, the Gibbs (free) energy, using only 0 K data. It
should be noticed that this approach is only qualitatively cor-
rect, and other, more sophisticated and precise approaches are
found in the literature [65–68]. The Debye Grüneisen method,
on the other hand, is sufficient for our present purposes, as we
are interested in the low temperature range.
In a general way, the heat capacity of a stoichiometric, ther-
modynamically closed system at constant pressure can be writ-
ten, disregarding possible coupling effects [67], as
Cp(p, T ) =Celp (p, T )+C
vib
p (p, T )+C
mag
p (p, T ) (35)
in which T is the absolute temperature, p is the applied external
pressure andCelp ,C
vib
p , andC
mag
p are, respectively, the electronic,
vibrational (phonon) and magnetic contributions. It should be
kept in mind that this equation does not work for a general ap-
plied tension, only for an isostatic stress state corresponding to
an external applied pressure p. Also, we are considering an
isotropic elastic medium resulting from the VRH approxima-
tion. In this work there is no need to consider magnetic effects
(Cmagp = 0), as there is no resulting spin polarization in the elec-
tronic structure of the compounds. The electronic contribution
will be taken simply as Celp (p, T ) = γel = const., according to
the Sommerfeld approximation. Finally, the vibrational heat
capacity is given by
Cvibp (p, T ) =C
vib
V (p, T )+α
2(p, T )B(p, T )TV (p, T ) (36)
whereCvibV (p, T ) is the vibrational heat capacity at constant vol-
ume, α(p, T ) is the volumetric thermal expansion coefficient,
V (p, T ) is the volume and B(p, T ) is the isothermal bulk mod-
ulus. According to the Debye-Grüneisen approximation,
CvibV (p, T ) = 9NR
(
T
ΘD
)3 ∫ ΘD/T
0
x4ex
(ex−1)2 dx (37)
in which R= 8.31451J mol−1 K−1 is the universal gas constant,
N is the number of atoms and the Debye temperature ΘD is
considered volume dependent:
ΘD(V ) =ΘD(V0)
(
V0
V
)γ
(38)
where ΘD(V0) is the Debye temperature at 0 K and zero ex-
ternal pressure, as seen in the preceeding section, and γ is the
Grüneisen parameter, that can be written as [63]
γ = g+
1+B′p
2
, (39)
with B′p being the 0 K pressure derivative of the Bulk modulus
at zero pressure, obtained from a fit to the ab-initio isotropic
deformation data of an equation of state such as, for instance,
the Birch-Murnaghan equation [69, 70]. The coefficient g can
be fixed at g= 2/3 if the aim is high-temperature data or g= 1
for low temperatures [62]. The latter was the value adopted in
this work.
Using the equations above, it is possible to calculate the
temperature and pressure dependence of several quantities of
interest. For instance, the volumetric thermal expansion is writ-
ten as
α(p, T ) =
γCvibV (p, T )
B(p, T )V (p, T )
(40)
with the Bulk modulus given by
B−1(p, T ) =− 1
V (p, T )
(
∂V
∂ p
)
T
(41)
Finally, the Young’s modulus is calculated using a result from
the theory of elasticity of isotropic media:
E(p, T ) =
3B(p, T )
1−2ν(p, T ) (42)
where ν(p, T ) is the Poisson’s ratio, which will be considered
pressure- and temperature- independent in this work. Moreover,
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Figure 7: Theoretical Debye-Grüneisen quasi-harmonic calculation of (a) bulk modulus, (b) Young modulus, (c) coefficient of volumetric thermal expan-
sion, and (d) heat capacity at constant pressure for the MV2Ga4 (M=Hf, Sc, Zr) compounds. In (d), a comparison with experimental low temperature data
[9] for HfV2Ga4 is shown as an inset using a typical Cp/T vs. T 2 plot (R= 8.31451J/mol K is the universal gas constant).
we will only be interested in the zero external pressure case
and, therefore, the crystal structure will expand due to thermal
effects only.
The results of the calculations are shown in Figure 7(a-d).
We limited the calculations to low temperatures since this is the
region of interest and also because the method employed, as
already discussed, is not precise enough outside this range. It
is seen, as expected, that the material softens with increasing
temperature, as observed by the lowering of Bulk and Young’s
moduli in Figures 7(a) and (b), respectively. Since the Debye
temperature for all compounds are similar, the thermal soften-
ing ratio is approximately the same in all cases.
The volumetric thermal expansion is shown in Figure 7(c).
It is seen that ZrV2Ga4 is the compound presenting the low-
est values, agreeing with the fact that it is the compound with
the highest bulk modulus and, therefore, also the most resistant
against variations in bond lengths. Finally, Figure 7(d) shows
the heat capacity at constant pressure as a function of tempera-
ture. Again, since the Debye temperatures are quite close to one
another, the three curves are very similar. The inset in Figure
7(d) shows a comparison to experimental data [9] for HfV2Ga4
in a Cp/T vs. T 2 plot, highlighting the T 3 dependence of the
heat capacity at low temperatures. In order to obtain the cal-
culated curve, besides the DFT calculations, we took the value
γel = 8.263mJ/mol K2 for the Sommerfeld coefficient from the
same experimental work [9]. Unfortunately, there are no data in
the literature for the other compounds. The double jumps in the
experimental curve, naturally, come from the second order tran-
sitions up to the critical temperature, around 4.1 K, that cannot
be reproduced whithin the scope of conventional DFT calcu-
lations. It should be emphasized that our calculated Cp curve
for HfV2Ga4 shows a good agreement with the available exper-
imental data [9] at low temperatures above Tc, considering the
intrinsic limitations contained in the approximations required
by the numerical methods.
4. Conclusions
In this work we have performed ab-initio calculations, based
on DFT-methods, of elastic and thermal properties of extended
linear chain compounds MV2Ga4 (M = Sc, Zr, Hf). From the
independent set of elastic stiffness and compliance constants,
we have evaluated the mechanical properties of the polycristal-
line materials using the Voigt-Reuss-Hill approach. We found
that ZrV2Ga4 has the largest values for bulk, shear and Young’s
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modulus. Attached to this, the B/G ratio indicates that all com-
pounds have a brittle character, which is consistent with the ob-
tained Poisson’s ratio values. The universal elastic anisotropy
index, as well as the directional dependence analysis of lin-
ear compressibility, Young’s modulus, Poisson’s ratio and shear
modulus, all point out that ScV2Ga4 has the largest elastic an-
isotropy. We have shown that the extended linear V chains play
a fundamental role in the mechanical properties, as observed
in the Young’s modulus, Poisson’s ratio and shear modulus for
different longitudinal and normal directions. For instance, the
ZrV2Ga4 compound presents the strongest pure modes of elas-
tic waves in all principal crystallographic orientations, except
along the extended linear vanadium chains. In that direction,
ScV2Ga4 exhibits the largest longitudinal sound velocity, a di-
rect consequence of its highly populated V-chains.
From the calculated Debye temperatures and the high pure
longitudinal and transverse modes for elastic wave velocities,
which result in a more effective electron-phonon coupling in
the structure, we also argue that ZrV2Ga4 could show a sim-
ilar superconducting critical temperature, or even higher, than
ScV2Ga4 (provided it is indeed a superconductor), a prediction
that should be confirmed experimentally.
Finally, we believe that the approach and the results found
in the present work will substantially advance our understand-
ing of the properties in an emergent class of superconducting
materials and extended linear chain compounds, forecasting and
elucidating relevant parameters and motivating, as a guideline,
future experimental investigations in similar or related systems.
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